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We diagonalize the transfer matrix of the inhomogeneous vertex models of the 6- vertex 
\ type in the anti-ferroelectric regime intoducing new types of q-vertex operators. The 

special cases of those models were used to diagonalize the s-d exchange model (2^, |], H|. 
New vertex operators are constructed from the level one vertex operators by the fusion 
Oh. procedure and have the description by bosons. In order to clarify the particle structure 

we estabish new isomorphisms of crystals. The results are very simple and figure out 
representation theoretically the ground state degenerations. 

• r- 1 

x. 

c5 ■ 1 Introduction 

In P| the anti-ferroelectric XXZ hamiltonian, or equivalently, the transfer matrix of the 6- vertex 
model has been diagonalized directly in the thermodynamic limit based on the quantum affine 
symmetry. The method is powerful enough, on the one hand, to give the integral formulas for 
correlation functions and form factors, on the other hand, to determine the physical space as a 
representation of a quantum affine algebra. 



Similar approach is possible for several two dimensional lattice models such as ABF model JIT , 



Among them a direct generalization of the 6-vertex model is the vertex models associated 



with the perfect representations of any level[15, 16]. Although there are technical problems of 



bosonozation in the case of higher levels, at least the strategy is clear and everything we need 
is in our hands. 

In this paper I want to add one more class of vertex models which can be solved by a 
similar method and are not contained in the class of directly generalized models said above. 
The vertex models which we study here is the inhomogeneous vertex models of 6-vertex type 
with the inhomogeneities being in the spins. Namely, on the infinite regular square lattice, with 
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each horizontal and vertical lines except a finite number of vertical lines h, ■ ■ ■ , l n , we associate 
the vector space C 2 . With h,---,l n we associate C Sl+1 , • • • , C Sn+1 for arbitrary non-negative 
integers si,---,s n . To each vertex the Boltzmann weight is defined by the corresponding 
trigonometric .R-matrix acting on C 2 ® C 2 or C 2 ® C Sj . The rational limits of those models 
with n = 1 had been used to diagonalize the s-d exchange models (Kondo problem) |1|, [21], |, pQ| ] . 



The central object in the symmetry approach is the q- vertex operator which was introduced 
by Frenkel-Reshetikhinll. In the case of the 6- vertex model the q- vertex operator makes it pos- 
sible to identify the infinite tensor product (C 2 )® 2 ^ 1 with the irreducible representation V(Ai) 
of U q (sl2)- Using this identification, the transfer matrix, the creation- annihilation operators, 
correlation functions and form factors are all described in terms of q-vertex operators. 

Similarly, in our case, everything is described by q-vertex operators. But here appeares a 
new phenomenon, the degeneration of the ground states. To take this effect into consideration 
is crucial in the theory. To treate this situation correctly what we must do is to introduce new 
kinds of q-vertex operators. Those new operators can be considered as a mixture of type I and 
type II vertex operators in the terminology of ||. Naturally they can be obtained by a fusion 
procedure from level one vertex operators. In particular new operators have the description by 
free fields. Hence physical quantities of our models can be written down in the form of integral 
formulas. We study these formulas in the next paper. 

Let us describe our story more precicely. The total quantum space which is acted by the 
transfer matrix is 

®i,j=o,iV(Ai) ® V Sn ® • • • ® V S1 ® V(A j )* a , (1) 

where V s ~ C s+1 and considered as the representation of U' (sl-i). In order to give the de- 
scription of the correlation function or form factors we must know the structure of eigenstates 
of the transfer matrix. The insight comes, as in the case of the XXZ- model ]2|, |7[], from the 
decomposition of crystals 

B(Ai) ® B ai ® • • • ® B Sk <8> B(Aj)*. 

The result is surprisingly simple (see Corollary [I]) . Consequently we find that the physical space 
of our models can be written as 



C Sn ® ■ ■ ■ ® C 



Sl 



'm=0 



^21 1 = 1 J\z m \=l 



sym 



where sym is some symmetrization. In this tensor product the last term which is described by 
a bracket is the physical space of the XXZ model. On the other hand former tensor component 
describes the ground state degeneration. In the case n = 1 the dimension of the degeneracy of 
the ground states coinsides with the results of Fateev-Wiegman|| in the rational limits. This 
picture of the structure of the space of states suggests that it is natural to consider the space 

©m=o,iK„-i ® • • • ® Kx-i ® V(Ai) <g> V{A j )* a . (2) 
The relation between two spaces [I] and is given by the vertex operators 

v.-^ v '{z) : (K-i), ® V(Ai) — V(A i+1 ) ® (V s ) z , (3) 
v -*®vM ■ v (^) ® (V s )z — > {V s -i) z ® V(A l+1 ), (4) 
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which are parts of the newly introduced operators. On the space descriptions of the model 
and physical quantities take very simple forms. For example the transfer matrix is, up to a 
scalar multiple, equal to 1 © Txxz(z), where Txxz(z) is the transfer matrix of the 6- vertex 
model. The peculiarity of our model comes from the definition of the local operators which are 
defined using vertex operators |3| and |[ 

The present paper is organized in the following manner. In section 2 we review necessary 
preliminaries and notations. In section 3 we establish a new type of isomorphisms of crystals 
which is considered to be a generalization of the path realization of the crystals with highest 
weights. Applying this isomorphism we determine the decomposition of the crystal mentioned 
above. In section 4 we introduce a new vertex operators and prove their existence. The existence 
theorem explains why the spectral parameters in the right hand side and in the left hand side 
of [3], f| must coinside. This fact is important to treat the ground state degeneration. The fusion 
construction of the representations and R-matrices are briefly reviewed in section 5. In section 
6 the fusion procedure is carried out for level one vertex operators and construct new vertex 
operators. The well definedness of the fusion proceadure is the main result here. We determine 
the commutation relations of newly defined vertex operators using the fusion construction in 
section 7. In section 8 we propose the mathematical settings for our models. In appendix 1 the 
integral formulas for the highest-highest matrix element of the composition of type I and type 
II vertex operators are given. In appendix 2 ,3 the description of level one vertex operators in 
terms of bosons and their OPEs are given. These are used to derive the integral formulas in 
appendix 1. 



2 Notations and preliminaries 

2.1 Definition of quantized envelopping algebra 

Let us recall the definition of U q (sl2) and fix several notations related to it. Let P = ZAq © 
ZA 1 © ZS, P* = Zh © Zhi © Zd be the weight and the dual weight lattice of sl 2 with the 
pairing < A h hj >= Sy, < A h d >= 0, < 5, hi >= 0, < 6, d >= 1. Set a% = 2A 1 - 2A , 
ao = 5 — ax, p = A + Ai. The symmetric bilinear form on P normalized as (ai,a!i) = 2 is 
given by (Aj,Aj) = ^ lj , (Ai, 5) = 1, (6,5) = 0. Through (, ) we consider P* as a subset of P 
so that 2p = hi +4d. Let us set F = Q(q) with q being the complex number transcendent over 
the rational number field Q. In section 8, we assume that the q is real and — 1 < q < 0. 

The algebra f/g(s/ 2 ) is the F-algebra generated by ei,fi,{i = 0, l),q h {h G P*) with the 
defining relations 

n _ i „h\ h% _ n h\+h2 n h —h _ <h,cti> h f —h _ _— </i,a»> f 



t -t' 1 3 

Un Or, 



fj] = ^V^T' E (-l) m ^ m) ^f ~ m) =0 (i * J) for x = e, f 

1 1 m=0 

hi 



where we set tj = q * and 

^Stt (* = *,/), W = *—hr, H! = m*]> 

V' L \- y y k=i 



n 
J 



n 
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We denote by U' = U' q (sl 2 ) the subalgebra of U q (sl 2 ) generated by e i: /j, U (i = 0, 1). 

2.2 Hopf algebra structure 

In this paper we use the following coproduct and the anti-pode, 

A(e0 = e l ® 1 + U®*, A(/i) = ft ® t; 1 + 1 ® ft, A{q h ) = q h ®q h , 
a(ei) = -t^et, a(fi) = a(q h ) = q~ h . 

2.3 Finite dimensional module 

The U'Jsl 2 ) module (V n ) z = ®™ =0 F[z, z' 1 ^ is defined as 



fiv 



(n) 



(n) 



n-2j (n) 

Z 



fo — z 1 e±, e — z/i, t — ^i \ 



where z is a complex number. In particular v J 



(n) 



n 
j 



the sake of simplicity, we only write F instead of F[z, z 1 
situation. 



(n) 



^jj-. In the following sections, for 
as far as no confusion occurs in every 



2.4 Dual module 

For a left L^(sZ 2 )-module M, we define the left module M* a±1 by 
M* a = Hom(M, F) linear space, 

< xw,v >=< w,a ±l {x)v > for w G M* a±1 , v G M and x G C/^(sZ 2 ) ■ 



Here the linear dual of an integrable module with finite dimensional weight spaces should be 
considered to be the restricted dual. By definition M, M* a * a and M* a * a are canonically 
isomorphic. For these dual modules the following properties hold, 

Hom^ (SJa) (Mi ® M 2 , M 3 ) ~ Hom^^Mi, M 3 ® M* a ), 
Hom^ (SJa) (Mi ® M 2 , M 3 ) ~ Hom^ ( - /2) (M 2 , M* a_1 ® M 3 ), 

where Hom^^^Mi, M 2 ) is the vector space of C/^(sZ 2 ) linear homomorphisms. Let {fj n ^*} be 



the dual base of {v^}, < vj l> * ^v^' >= 5jk- Then the following isomorphisms hold, 



(k)^ 2 , ^ (k): 



(5) 



_^™-ig(™-i)0'Ti) 



(n) 



(n)* 



n 
j 



(n)* 

'J ■ . 

n-j 
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2.5 Level one vertex opoerators 

Let V(Ai) be the irreducible highest weight ^(s^-module with highest weight Aj(i = 0,1), 

V(Ai) its weight completioin V{Ai) = U„epV{Ai)u, V(Ai) v = {v G V{Ai)\q h v = q <h > v> v for 
h G P} and u^. the highest weight vector of the right module V(Aj)* such that < u\., u Ai >= 1. 
Let us denote $(2), ^(z), $y(^) and fy(z) the U' q {sl2) intertwiners 

$(2) : 7(Ai) — ^(A i+1 )®(T4),, 

: v(Ai) — > (yo 2 ®y(A m ), 

: V(A<) (g) (Vi) s — > I>(A i+1 ), 
*v(z) : (^i)z®V(Ai) — f(A i+1 ), 

normalized as 

< $(z)u Ai > = < *(^)« Ai >= 

< < +1 >%WK ® vf>) >=< u* Ai+i ,^ v (z)(u Ai ® >= <^-. 

Here and after, in general, we set V^(Aj)®(V n ) 2 = ( T[ ueP F[z, z~ l ] ® V{Ai) v ) ®f\ z z -i] (V n ) z . In 
fact the images of $(2) and ^Sf(z) belong to smaller spaces @]. 
The components of those operators are defined by 

=< vf>*, >, ^j(z) =< vf ] \ *(z) > . 

We shall also introduce the notations <f> v * a (z) and $? v * a (z) which are intertwiners 

^ a (z):V(A i )^V(A i+1 )^(V 1 )T, 
* v * a ~\z) : V(At) — (\/ 1 )r 1 ®F(A m ), 

defined by 

< vf\$ yw (z)u >= $v(z)(u®vf ) ), < vf\v v **~\z)u >= * v (z)(vV®u). 
Those operators are related by 

$ v * a (z) = (-l) 1 - < g- 1+i $(g- 2 «), V v * a ~\z) = (-l) 1 ~ i g 1 - < *(g 2 z), 

under the isomorphism [|. 

The commutation relations of those vertex operators are, on V(Ai), 





)V( 




^2 


"V 


(f)kf 

Z2 Z2 




1+i 


M— ) 


^2 
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We shall rewrite the first and second relations for the sake of later use as 

qC-)H—)h—mzi)<$> v *\z2) = $ y > 2 )^i), 

Z 2 Z 2 Z 2 

z 2 q z z 2 q z z 2 
Here R(z) = PR{z), P(u ®v) = v®u and 

R{z){vf ] <g> vf ] ) = vf ® vf for j = 0, 1, 

ifcX^ g) = c'4 1} ® t>? } + feu? 5 ® 

, 1 " z 1-g 2 , l-q 2 , , (z-'Uiq'z) 
-q, c=- c=- 5-, r(z) - 



1 — g 2 z ' 1 — q 2 z ' 1 — g 2 ^' (2;) 0O (g 2 2~ 1 ^ 



where (*)«, = n~ (l - ^ 4i )- 

Let us describe the inversion relations for vertex operators. Let us denote by Pp the dual 
pairing map (Vi)* a £§) (V\) z — > F which is in fact a U q (sl 2 ) linear. Then we have 

P F $ v * a (zMz)=g-Hd v(A ^ (6) 
Res Zl=Z2 ^{z 2 )^ v * a (z x ) = z 2 gw®id V ( Ai ), (7) 

where q = and 



(1)* ~ (1) (1) ^ (1) (1) ^ (1) 

3=0 

through the isomorphism [|. Note that || and [7] are equivalent, respectively, to 

$ v (z)$(z) = g-Hdv^y 

Res Zl=q 2 Z2 m(z 2 )m{ Zl ) = {-if-'q^z^w ® id v{ki) . (8) 

2.6 Crystal 

We shall review here the definitions and fundamental properties of crystals which we need in 
the subsequent sections. The details and generalities of this section can be found in [TR [TBI, III]. 



Definition 1 An affine crystal B is a set B with the weight decomposition B = U\ eP B\ and 
with the maps 

^/irBL^O}— ►fll_l{0} 

satisfying the following axioms: 
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(1) CiB x C B ai+X U {0}, fiB x C B -a>i+\ U {0} /or non-empty B\, 

(2) g,0 = /iO = 0, 

(3) for any b and i, there exists n such that e™b = f™b = 0, 

(4) for bi, b 2 e B, b 2 = /A if and only if b x = Cib 2 , 

(5) if we set 

(fi(b) = maxlnlfl'b G B}, £,(6) = max\n\(?lb G -B}, 

t/ien <£?i(6) — £i(6) =< ft*, A > for b G B\ and i. 

Let us set P c i = P/Z5 and cl the projection P — > P c \. Then a classical crystal is defined 
using P c i in stead of P in the definition of an affine crystal. In this paper crystal means affine or 



classical crystal. A slightly general definition of the concept of crystal is introduced in |T3, [14 
A crystal has the structure of colored oriented graph by 

b\ — — »■ b 2 if and only if b 2 = /i&i- 

A morphism ip : B 1 — > B 2 of the crystals is a map B 1 U {0} — > B 2 U {0} which commutes 
with the actions of and fi and satisfies ip(0) = 0. A morphism of crystals is called isomorphism 
(injective) if the accociated map is bijective (injective). A crystal B\ is called a subcrystal of 
B 2 if there is an injective morphism of crystals B 1 — ► B 2 . 

For a crystal B and a subset / C {0, 1}, the /-crystal B is the set B with the same weight 
decomposition and with the maps e~j, fj (j G I) which is a part of the maps of the original 
crystal B. 

For two crystals Bi, B 2 we can define the tensor product in the following manner. 

Definition 2 (1) As a set B l ® B 2 = U AeP ( J B 1 ® B 2 ) x , (B 1 <g> B 2 ) x = U^^a-BJ x B 2 v . We 
denote (bi, b 2 ) by bi®b 2 . 



(2) The actions of Sj and /j zs defined as 

/t(6i ® 62) = 



fA®b 2 (piih) > Ei{b 2 ) 
bi®fib 2 (fiih) < Ei(b 2 ) 



Among the crystals we need, in this paper, three kinds of crystals. The first one is the 
crystal B s associated with the crystal base of the representation (K)i- More explicitly B s can 
be described as 

Definition 3 (1) B s = {\J\\ < j < s} as a set. 
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(2) f{j\ = ljTI\ (0<j<s-l), fo\j\ = \fl} (l<j<s), f$j\ = otherwise. 



In the following we often use the notations B\ = { | + 1 , [£]} by the correspondence [+] <-> _0 
p] <-> |~T] and identify ± with ±1. 

The second one is the affine crystal Aff(B s ) which is called the affinization of B s . Aff(B s ) 
is defined as 

Aff(B s ) = U XeP Aff(B s ) x , Aff(B s ) x = (S s ) d(A) . 
The actions of e^, /j are specified by the commutative diagrams 

Aff(B s ) x Aff(B s ) x+a . U {0} Aff(B s ) x ^ Aff(B s ) x ^U{0} 

II II and || || (9) 

[0} 

For example the graph of Aff(Bi) is 

i ^ 

Third one is the crystal S(Aj) associated with the crystal base of the representation V(Aj 



(B s )cl(X) (B s )cl(X+a i ) L- 1 {0} (-Bs)d(A) — ^ (B s )cl{\-oti) L- 1 {0}- 



10 10 10 
> O S> o >• o > o >• o 



By now it is well known that S(Aj) is described in terms of the set of pathsJT^, ||. Let us 
define the space of paths V{hA as 

V(A t ) = {(p(j))JLMj) G = for fc » 0} 

■p(Aj) has the structure of an affine crystal by0 

Theorem 1 (1) There is an isomorphism of classical crystals, 

B(Ai) ~ B(Ai-i) <g) B\. (10) 

(2) The isomorphism^^ induces the bijective map S(Aj) ~ P(Aj). 

The weight of a path through the above bijection can explicitly be written in terms of the 
energy function [fL5fl . 

For an affine crystal B we define the dual crystal B* of B as 

Definition 4 (1) B* = {b v \b E B} = U XeP B_ x , B_ x = {b v \b E B x }, 
(2) = UW, = (e t b)\ V = 0. 

The map {b\ ® &2) v l— ^ ^2 ® ^i gives the isomorphism 

(Si <8> S 2 )* ~ S* ® S*. 
Then we have the description of S(Aj)* in terms of paths, 

S(A*r = {(p(j)) j= -Jp(j) e B h p(k) = (-l) i+k for fc « 0}, 
Si ® S(A,)* ~ S(A i+1 )*, 6 ® (Kj))?=-oo - (p'(j))° j= -oo, 
where p'(0) = b, p'(j) = p(j + l)(j < -1). 



2.7 The morphism of crystals induced from the Dynkin diagram 
automorphism 

Let l be the isomorphism of the Z module P c \ defined by t(A») = Ax_j(i = 0, 1). For a classical 
crystal B, we define the classical crystal l*B by 

t*B = U XePcl (L*B) x , (l*B) x = {L*(b)\b e S t(A) }, , .(0) = 0, (11) 
/ it *(6) = i*(/i_i6), eii*(b) = t*{e x -ib). (12) 

It is easy to prove that [11], [12| actually defines a classical crystal. For this crystal the following 
properties hold. 

Proposition 1 (1) i*B(Ai) ~B(Ai_i). 
(2) 6*5,-5, byg], 



(3) For crystals B l , B 2 , B 1 ~ B 2 if and only if l*B 1 ~ t*S 2 . 

(4) For crystals B 1 , B 2 , ^(B 1 B 2 ) ~ ^fi 1 <g> 6*5 2 , by ® 6 2 ) i-> L*{b x ) L*(b 2 ). 

The properties (2)- (4) can directly be checked using definitions. Let us prove (1). From [TO, 
(2) and (4) above, we have 



L*B(A t ) ~ ^(A H ) ® B ls i*(u Ai ) i t*(w Al _J ® (-1) 



Using the fact that any element of i*B(Ai) can be written as fj 1 ■ ■ ■ fj„i*{u\ i ) for some n and 
(ji, • • ■ , j n ) G {0, l} n , we have i*B(Ai) ~ T-^Ai-j) as a classical crystal. □ 



3 Isomorphisms of crystals 

The structure of the space of the eigenvectors of the XXZ hamiltonian is, in the low temprature 
limit, described by the decomposition of the crystals of -B(Aj) ® B(Aj)* @. In this section we 
shall prove a new type of isomorphisms of crystals which generalize Theorem |T] (1) and give a 
predicted form of the structure of the space of eigenvectors of our transfer matrix in the low 
temperature limit. 

Our task is to decompose the crystals of the form 

B(Ai) <g> B S1 <g> • • • ® B Sk <g> B(Aj)*. 

The main results in this section are 

Theorem 2 There is an isomorphism of classical crystals, 

B(Ai) ® B s ~ B s _ x ® B^i), 

for s = 1,2,3, •• -. 
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Corollary 1 For j = 0, 1, we have the isomorphism of classical crystals, 

H B(Ai) ®B Sl ®---®B Sk ® B(Aj)* ~ 



i=0,l 

B si -i 



n=0 



Here the action of the symmetric group S n on A&(Bi)® n is not the usual one but that 
defined in H. 



The isomorphisms of Theorem \Q includes [L(J as a special case s — 1. But the proof of 
Theorem |^ uses the isomorphism [Hi . 

It is sufficient to prove the theorem for i = 0. Since i — 1 case is obtained by applying the 
map i in subsection [2/7. 

Let us define the map 

^ : £ s _i ® B(A ) — > B(Ai) ® 5 S , 

first and after that prove that it is well defined and commutes with the actions of and Jj. In 
order to define the map ip we need to describe some isomorphisms. 

Lemma 1 There is an isomorphism of {0, 1} crystals, 

ip! : B s <g> Bt ~ S x ® £ s . 

T/ie isomorphism is given explicitly by 



JU\ ®{T\ — ► □ ® [7] /or < j <s-l, 



0®E — 



□ ^0® /or0<j<s-l, 



Using the map t/>i let us define the isomorphism 

: B s ® Sf n ~ flf n (g) £? s 

by 

= (l n _i (g) • • • (ll <8> ^1 <8> l„-2)(V ; l ® ln-l), 

where lj is the identity map of -Bf- 7 . 

Now let us define the map ip in the following manner. Take any fjl <E> & G £ s -i ® -^(A-o 
For b there is n 6 Z>i which satisfies 



b = (& fe )r=i, & fc = (-1)" for fc > 2n. 

Taking any such n and set 



(13) 
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throught the isomorphism 

B(A ) <g> Sf 2 "- 1 <g> 5, ~ B(Ai) <g> £ a , 

where &a is the highest weight element of -B(A ) and the subscript of PH specifies to which 
crystal the element belongs, yj G5 S . The well definedness of ?/> follows from 

Lemma 2 TTie definition of ip does not depend on the choice of n which satisfies the condition 



IS. 



Proof 

It is sufficient to prove 



\±\ ® □ ® ^n(0 s ® &') = ^n+ 2 (0 s ® □ ® [ + ] ® b'), 

for < j < s - 1, n G Z>! and any b' G -Bf n . These equations follow from Lemma [l|. □ 

Lemma 3 The map if) commutes with the actions of e~\ and f\ . 

Proof 

Let B be the connected component, as a {l}-crystal, of B s _i B\ which contains 0_ s _ 1 <8> | + 1 - 
Then 

B = {0 S _! ® 01 < J < a - 1} U {fsTI...,, R} 
and B is isomorphic to B s as a {l}-crystal by the map 

B — > 5 S 

EL-i®E] ^ [j] s foro<j< s -i 



Let yj ® 6 G -B s _i <8> -B(Aq) and n as above. Now we shall describe ip as a composition of 

several crystal morphisms from the connected component of [jj ®& as a {l}-crystal. First of 
all 

5 S ®5(A ) ~ <g> B(A ) <g> £f 2n 

is an isomorphism of classical crystals. The crystal B ® Bf 2 ^ 1 is a sub {l}-crystal of S s _i ® 
S(Ao) ® 5f 2n , by the map 

S ._! ® B > ® & A ® ® &2r»-l ® • • • ® &1- 

The element 6 is in this subcrystal. Next 

B <g> Bf 2 ' 1 - 1 ~ 5 S ® Sf 2n " 1 
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as a {l}-crystal as we already discussed. We have the isomorphism of {0, l}-crystal 

V> 2 „-! : B s ® Bf 2n ~ x ~ Bf n - 1 <g> B s . 
Finally we have the injective {l}-crystal morphism 



Bf 2n ~ 1 <8> B s 



B(Aq) <g> Bf 



2n-l 



B„ 



V i-» b Ao <g> 6'. 

It is easy to check that the map ip is the composition of the above maps. Since we can take 



sufficiently large n such that the condition [L3J holds for For j-1 

ei 



s-l 



6, /i(j-l ®6)and 



s-l 



j-1 (g) 6), ip is a {l}-crystal morphism. □ 



>o 



Lemma 4 T/ie map ip commutes with the action of cq and fo. 
Proof 

Let us define a map ip in the following manner. For hi ® b £ £ s _i ® B(Aq), take n E Z 
such that 

b = {b k )Zi, h = (-l) k for k>2n + l. 

Then 

^fl-l ® 6 ) = &Al ® ^2n( |j + l[ ® b 2n ® ■ • • <g> 6i) 
through the isomorphism 

B(Ai) <g> fij 2 ™ <g> 5 S ~ fi(Ai) <g> B s . 

In a similar manner to the ip case, we can check that the definition of ip is independent of the 
choice of n. 

Sublemma 1 ip = ip. 

Proof 

We use the above notations. Take n in such a way that satisfies the condition [TBI. Then 

® 6) = ^([T] s _ 1 ® 6) 

is equivalent to 

□ ® ^2n-l(0 s ® &2n-l ® • • • ® 6j) = ^ 2ra ( |j + l[ ® [+] ® &2 



^2n-l 



6i) 



for < j < s — 1 . This follows from Lemma |l|. □ 

Now the commutativity of ip and the action of /o and eo is similarly proved as before. 
Namely let us set 

B' = l ® B < j < s — 1} U {[o] (g) [+]}• 
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Then this constitutes, as a {0}-crystal, a connected component of S s _i <g> B\ isomorphic to B s . 
The map is given by 



B' 

0. ®E 



j+1 for o < j < s — 1 







Using this description it is easy to show that the ip is described as a composition of {0} crystal 
morphisms from any {0}-crystal connected component as before. Hence the lemma is proved. 
□ 

Lemma 5 ip is a bijection. 
Proof 

We shall prove the injectivity first. Suppose that 
By the definition of if) this is equivalent to 

^2n-l(0 s ® &2n-l ® • • • ® 6l) = ^2n-l(0 s ® &2„-l ® ' ' ' ® 

for sufficiently large n. Since V^n-i is bijective, we have 

j = j\ b k = b' k for 1 < k < 2n - 1 
which means b = b'. The surjectivity easily follows from Lemma [IJ 

= s ® □ for < j < s - 1 

vt'o®^) = ®E1 for ° < j < s - 

□ 



This lemma complets the proof of theorem ^|. 



4 Existence of new type of vertex operators 

In this section we shall prove the existence of new types of q- vertex operators, one type of which 
is conjectured to induce the crystal isomorphisms in section [| For non-zero complex numbers 



zi, ■ ■ ■ , Zk and G {0, 1} let us define the F[z{ , • • • , z k ] module by 

H%::%{iJ) = e (V ni ) Zl ® • • • (g) (V„J*>*(i;) = A, - A„ ef'^^u = for / = 0, 1}. 
Our aim here is to prove 
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Theorem 3 (1) H^ 3 Ji,i + 1), flJ^M) and H^ 3 Ji,i + 1) are free F[zf\ zf] 
modules and their ranks are given by 

rankH^™_ 3zi (i,i + 1) = 5|n-m|,Ai,« 2 > 
rankH^ iZ2 (i,i) = 6 Zl<Z2 , 

ranMl^^* + 1) = 1. 



(2) There are isomorphisms ofFlzi^z^] modules 

Hom F , m ,((V m ) zl <g> V(Ai), V(A i+l )®(V n ) Z2 ) ~ H n z > m q . 3zi {i,i + 1), 

i/om FW ((V;) 2l ® K(A<), (K), 2 ®^(A,)) ^ H$ n Zij Ji,i), 

Hom F , m ,{{V n ) Zl ® V(Ai), V(A i+1 )®(V n+1 ) Zl ® (Vi) Z2 ) ~ i^^sji, i + 1), 

Corollary 2 

i/om l/ .(\/(A i ),(V;) g ^®V r (A m )®(V;+i),) 

~ Hom F[z ±i m ,(V(Ai) ® (K+i)„ (V r n ) z ®y(A j+ i)) ~ Ff^ 1 ]. 

Let us prove (1). Other cases are similarly proved. Note that 

Eom Uf ((V m ) Zl <g> V^Ai), ^(A i+ i)®(y n ) a3 ) 
~ Hom I7 /(F(A l ), (K n ) (? 2 2l ®\/(A m )®(K) Z2 ). 

Let U'(b + ) be the subalgebra of U' generated by e i5 t« (i = 0, 1). Then we have 

Kom u ,(V(A i ),(V m )? n ®V(Ai +1 )®(V n ) t2 ) 

~ Hom (7 / (;)+) (Q(g)MA i , (V^^g^A;^)®^)^) 

~ Hom^ (6+) (y(A i+1 )* a ® (V m ) Zl ® Q(g)w Ai , (K) 22 )- 

Here we used the following lemma which can be proved in a similar way to that in ||. 

Lemma 6 Ta£;e any i and fix it. Let u G (V n ) Z ®V "(A i )®(V / m ) z be a weight vector of t^. If u 
satisfies e\u = for some I, then ffu = for some N. 

Lemma 7 There is an isomorphism of U'(b + ) -modules, 

(V n ) z ® Fu Ai ~ Fu Ai <g> (v;) g -i z 

gwen by the map 

( n ) ^ — Hx-y ( n ) 
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This lemma implies 



ftom Uf{b+) {V{A l+1 )* a ® (V m ) gl ® Q(g)u Ai , (Kk) 

~ Hom c/ , (fe+) (V r (A m )* a <g> Q(g)u A4 , (Kk ® (V m ) q -3 Z1 ) 

-^'^(M + i). 



(14) 



Let us write explicitly the conditions satisfied by the vector v of H™^™-3 Zl (i, i + 1) according to 



i = 0,l; 



= A — Ai, e^f = eof = 0, if z = 
u>t(t>) = Ai — A , e\v = e^v = 0, if i — 1. 



(15) 
(16) 



Let us determine the vectors which satisfies the condition |15| and ITBl. Note first that the 



condition [15] or [16] implies \n — m\ — 1. In fact the vector satisfying [15] or [16] must lie in the 
two dimensional irreducible representation of U J(sl 2 )i)- 

Let Wj be the highest weight vectors of V n <8> V m with the weight (n + m — 2j)K\ as a 
^q(( s ^2)i)- m odule. They are explicitly given by 



w 



fe=0 



,0") 



f>( n ) = (_i)Y(«+i-*) 



A: 



c? } (n) = 1. 



(17) 
(18) 



(1.1) « = and n = m + 1 case 

The vector satisfying the condition ^ is proportional to f\w m . Let us calculate e fiw m in the 
tensor product (V m+ i) Z2 <8> (V^) g -3 Zl . The result is 



m+l 



/ lWm = ^ c M( m + ^^-^(g-^m + 2 — A;] - [m + l- fc])i; 



(m+l) (m) 



<8> U, 



m+l— A: 



fc=l 



m+l 



eo/im m = (z 2 - *i) E + l)g~ fe+ V + 2 - fc] 



(m+l) ^ „,( m ) 



m-fc+2- 



k=2 



Hence e v = is equivalent to Z\ = z 2 . 
(1.2) i = and m = n + 1 case 

The vector satisfying the condition ITS] is proportional to f\w n . We have 



/lt«n = E4 n) («)(-f 1 W + [Hl]) 



(n) „ (n+1) 



n+1— fe' 



fc=0 



e fiw ri 



[z 1 - z 2 )Y / c i k\n)q- 

k=l 



Hence eof\w n = is equivalent to z\ = z 2 . 
(1.3) i — 1 and n = m + 1 case 
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The vector satisfying the condition [16] is proportional to w m . Then 

m+l 



(m+l) ^ nl (m) 

m+2-fe- 



e^m = - z 2 ) ^2 c k-2( m + ^)( z i[ m + 1 — A;] — z 2 [m + 3 - fc])^'"" ~' <g> t> 

fc=2 

Therefore eQW m = if and only if z\ = z 2 . 
(1.4) i — 1 and m = n + 1 case 

The vector satisfying the condition [16] is proportional to w n . Then we have 

elw n = q~\ Zl - z 2 ) £ c^n)?-**^* + 1] - - l])4 n) ® 

k=l 

Consequently e^w n — iff Z\ = z 2 . □ 

By theorem H there are uniquely determined U Jsl 2 ) intertwinwers 

v n $ Vn+1 (z) : (V n ) z <g> V(Ai) — > ^(A m )<g)(K +1 )., 
under the normalizations 



V(Ai) — ► (V n ) q 2 z (g> V(A i+1 )®(V n+ i) z 
V(Ai) ® (K+i), — ► (K)*®V(Ai + i), 



i+jj 



< ^®< + / n ^ +1 WK) >= (-l)V (n+w) 



n 



(n+l) 
n+l—j—i) 



<u* Ai+i , v ^ Vn+1 (z)(u Ai ®v^)>=q 



(n+l)N 



,(2i-l)i-i 



bTN + i-j] 



1-t 



[n + l] 1 - 1 

In the following we also call those intertwiners simply vertex operators 



(n) 

V- ■ 

u J-i 



(i < j < n + i). 



Remark 1 / conjecture that the vertex opertator v n ^ Vn+1 (z) preserves the crystal lattice and 
induces the isomorphism of crystals in section^. Some part of Miki's conjecture |J^/ is a special 
case of this conjecture. 



5 Fusion of representations 

Let us briefly recall the fusion construction of representations and i?-matrices in order to fix 
notations. Let Mj be the trivial representation in the tensor product (Vi)„-2(i-i) z <S> (Vi) q -2i z for 
1 < % < n. Explicitly Mj is written 

Mi = F ■ (t>J 1} <g> v{ 1} - qv{ 1} <g> t»S 1} ). 

Let us set N { = (V]) z ® • • • <g> M* <g) • • • ® (V"i) (? -2n 2 and 

n 

W„+l(z) = (^^•••®(y i ) r 2n z /^iV i , 

1=1 

Wn + l(^) = ^(s/ 2 )(^ 1) ® • • • ® V< 1} ) — (yi),-an z ® • • • ® (Vi) a 
Then the following proposition is well known. 
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Proposition 2 W n+1 (z) ~ W^+i^) ~ (V n+1 ) q -n z . 

In order to describe the isomorphism explicitly we shall introduce the following definitions. 

Definition 5 (1) (ei, • • • , e n ) is of type j if and only if t}{&|efc = 1} = j- 
(2) For (ei, • • • , e n ) let us define its inversion number by 



mv(ei, • • • , e„) = J2 $i k \ e k = 0,k< i}. 

i-.€i=l 



Then the isomorphism is given by 



w n+1 (z) — (K+i), 



® • • • (g) V W ^ ginv( eil ..., e „) u (n+i) 



for (ei,---,e n ) of type j. 

Let us give the description of W n+ \ in terms of R-matrix for the later use. Let R(^) be 
the U' q (sl 2 ) linear morphism (Vi) zi <g> (V^ — ► (Vi)^ <g> (V^ such that ^(f )(^ 1} ® 2 ) = v£ ] ® 2 . 
Consider the composition R n+1 (z) = R(^) ■ ■ ■ R{^) ■ ■ ■ R{^) at Zj = q- 2 ^-^z{\ < j < 
n + 1). Then it is well known (and easily proved) that 

Proposition 3 

n 

ImR n+1 (z) = W n+1 (z), KerR n+1 (z) = ^N k) 

k=i 

5.1 Fusion of the R-matrix 

Let Rn+iAt) = R(^)R( q -^) ■ --k^) be the U' q (sl 2 ) intertwiner (V^z ® • • • ® 
— ► ® (Vi),"* <g> • • • Then 

Proposition 4 -R„+i,i(^) induces the U' q (sl 2 ) linear map W n+1 (q n z) ® (Vi) w — ► (Vi) w ® 
W n+ i(g n -2) such that the following diagram is commutative: 

(y l ) qnz ®---(y 1 ) q - nz ®(y 1 ) w n+ -^ w {v 1 ) w ®{v l ) qnz ®---{v 1 ) q -n z 
I I 

Here the downarrows are the natural projections. 
Proof: It is sufficient to prove 

R n+ i,i(-)( N J ® (Vi) w ) c (yo^ ® J2 N k- 
w k=i 
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By Proposition |3| this is equivalent to 



R n+1 {q n z)R n+1>1 (-){N j ® = 



it; 



which follows from the Yang-Baxter equation. □ 

We use the same symbol for -R n +i,i(r;) f° r the induced map. Then, explicitly, R ri+ i t \(z) is 
given by 



Rn,i(z) 



An) 



,(!) 



(™) o (!) 



1 



1 - g n+1 ^ 



2n-2k 



1-9 



2fc+2 




fc+i 



(!) o (™) 

(!) o («) 
^0 ® Ufc+1 J 



6 Fusion of g-vertex operators 

In this section we shall give a construction of the vertex operator y n Q Vn+1 (z) in terms of &(z) 
and y&(z). The idea is to consider the composition 



-n+2, 



(K)g-™+2 2 ® ^(A i+ i) ® (K+l) 9 -™ 2 - 

For the sake of simplicity hereafter we omit writting the the symbol " of the extended tensor 
product. The vertical arrow is the £/ (s^-linear projection defined in Proposition Unfor- 
tunately the composition of vertex operators $ and \l/ which gives the horizontal arrow is not 
well defined in general. So we must carefully proceed in the following manner. Let us define 
the operator 0(z|u), (z,u) e C*" +1 x C* n , acting on V(A») by 

0(2:1, • • ■ , z n+ x\u n , ■■■ ,ui) = j$(zi) ■ ■ ■ $(z n+ i)if?(u n ) ■ ■ 

where C* = {z G C\z 7^ 0} and 



f(zi, 



,«1 



n 



n 



n 



- Zk ■ 



j<k \ ,. )oo j>k 



V m, )°° 3,k \qz k J 



The operator 0(z|u) satisfies, on V(Aj), the symmetry relations 

- z j 



^- 1+i+j R(^-)0(z\u) = 0(ajz\u), 



Zj+l 



u j+1 



R(—*-)0(z\u) = 0(x\(Tju) 

Uj+i 



where Oj is the permutation exchanging Zj, Zj+i or Uj, Uj + i and k = 0, 1 according to k is even 
or odd. Let 

Pr(z) jk : {V x ) t . <g> {V x ) Zk — V 2 , 
Pr(«) jfc : (Vi) Uj ® (Vi) Uji — ► V 2 , 
Pr(z) : (V X ) Z1 ® • • • <g> (V,.)*^ — K+i, 
Pr(«) : ® ■ ■ • ® (Vi) u „ — ► V n , 
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be the L^((s/2)i)Tinear projection normalized as 

and similarly for Pr(u)jk, Pr(u). Since Pr(z) and Pr(u) is determined uniquely under these 
normalizations, we have, for j < k 

Pr(z) = Pr(z)R(^-)---R(^-). (19) 

Zk-l z j+l 

The Pr(z) in the right hand side is the U' q ((sl 2 )i) linear projection 

(Vi)*! <g> • • • <g) (V!) Zj <g> (Fi) zjk ® ••• (8) (Vi) 2n+1 — ► K+i. 

To simplify the notations we use the same symbol Pr(z) althought the space acted by it is 
different from that of Pr(z) in the left hand side. Note that there is an L^((sZ2)i)Tinear 
projection such that 



+i 



(Vi)*! <g> • • • <g> (Vi)^ <g> ® • • • ® P ^ (K)*! ® • • • (8) F 2 ® • • • ® {Vi) Zn 

[ [ Pr(zY k 

Vn+1 — Vn+1 

is a commutative diagram. 

Proposition 5 (1) TTie operator 0(z\u) has poles at most simple at Zj = q 2 Zk (j < k) and 
Uj = q 2 u k (j < k). 

(2) The operator Pr(z)Pr(u)0(z\u) is regular at Zj = q 2 Zk (j < k) and Uj = q 2 Uk (j < k). 

Proof: (1) The integral formula of < A i+1 |0(z|u)|Aj > (appendix?) implies that 0(z|u) has 
poles at most at Zj = q 2 z k {j < k), Uj = q 2 Uk {j < k) and Uj = qz k , q 3 Zk for any j, k. Because 
there is a possibility to occur a pinch of the integration pathes only in those cases. Moreover it 
is easy to prove that these poles are at most simple. Hence it is sufficient to prove that there are 
no poles at Uj = qzk, q 3 z k for any j, k. But again this follows easily from the integral formula 
of < A i+1 |0(z|u)|Aj > by the following reason. Consider a component of < A i+1 |0(z|u)|Aj >. 
Let us decompose each integral as 

fdi d r di d ^ f dw a f dw a ° 

Jc d 2m Jco 2m J Jc'a 2m Jc^ 2m j— [ H 3 

where C , are the small circles around 0, oo going anti-clockwise and clockwise direction 
respectively. Here, for the sake of simplicity, we omit writing the integrands. Then the integral 
which we consider now is a sum of terms of the form 

II ( ^ II ( ^Res War=q 2 Zjr ---Res Wai=q 2 Zji Ress ■ ■ ■ Res^ i=Uii , 

deD 1 JCt > ^ m d£Ai JC °° ^ m 
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where Di and A\ is a subset of [a] and {d} respectively. Since there is a term n a < a '(l — 
^f~) n<i«i'(l — ff") i n the numerator of the integrand, we can assume that j pi 7^ j P2 (Pi 7^ P2), 
hi 7^ h 2 (h h)- 111 ^ es u=^i ' ' ' ■^- es (,d 1 =Ui 1 the possible poles at w a = qu ik are cancelled 
out with n a nr=i(l — Hence after taking residues in w ap s, there does not appear poles 
at Uj = qz k . Since there is the term ndllj=i(l — i n the numerator, the poles at Ui p = 
q 3 Zj k which appear after taking Res War=q 2 Zjr ■ ■ ■ Res w =( p Zj are also cancelled out. Finally in 

the remaining integral ILe-Di Ic St UdeAi Ic^ Iff there does not occur pinches of the integral 
contours at Uj = qzk, q 3 z k . Hence it has no singularities there. 
(2): Let us consider the composition 

: V(Ai) — > V(A i+ i) ® (V X ) Z1 <g> (yi) 22 . 

By the explicit formula of < Aj + i|0(z|u)|Aj > (0) $(zi)Q>(z2) is regular at 21 = q 2 Z2- Since 
there is no non-zero UJSI2) intertwiner V(Ai) — > V (Ai+i)®(V2) z , we have Pr(2)i2$(q ,2 ^2) < ^(^2) : 
0. Hence 

Pes z , =? 2 2 . +1 ipr(^) ii+1 $(^)^(^+i) = (20) 
for any 1 < j ' < n. Using the commutation relations of the vertex operators and the 



relations 19, 2C 



Res Zj=q 2 Zk Pr(z)0(z\u) 

= Res Zj=q2zk Ylfiy^Pr^R^y 1 ■ ■ ■ R(^L)-iO( Zl , ■ ■ ■ , Zj , z k , ■ ■ ■ , z n+1 \u) 

l=j Z l Z j+l z k-\ 

k—2 2 

= II (^-^y 1+l+lRes z 3 = q ^z k Pr(z)0(z 1} • • • , z,-, z fc , • • • , z n+1 \u) 

1=3 Zl 

k—2 2 

= II {—r 1+m Pr{zy k Res Z]=q 2 Zk Pr{z) ]k O{ Zl , ■ ■ ■ , Zj , z k , ■ ■ ■ , z n+1 \u) 

1=3 Zl 
= 0. 

Hence Pr(z)0(z\u) is regular at Zj = q 2 z k {j < k). We can similarly prove that Pr(u)0(z\u) 
is regular at Uj = q 2 u k (j < k). n 

Definition 6 (Fused vertex operator) 

O(z) = Pr(«)Pr(u)0(z|u)| 1 ,_g-!m-a,( 1 < # < n+1 ) j1<Jk=g -»+a < ( 1 < fc < n ) 
= T.^ ) ®0{z) ]k ®v i k n+1) . 

3,k 



Theorem 4 (1) The operator O(z) is not zero as a linear map. 



20 



(2) 0{z) is a U' q (sl 2) -linear map 

V(Ai) ► (V n ) q -n + 2 z <g> V(A t + 1 ) <g> (V n+1 ) q -n z . 

Proof 



(1) : The integral formula of < Ai+i|0(z|u)|Aj > implies (see [34], [35|) 

< A.IO^o^lAo >= (-ijIflM^^-tH-m 

< A |0(z)„,o|A 1 >= (-l)[i](«-i)(- g )#(^ 2 -^2) + |(i-(-ir)^-^ii_ 

Hence O(z) is not zero as a linear map. 

(2) : By definition O(z) is [/^((s^ij-linear. Therefore it is sufficient to prove that 0(z) com- 
mutes with the actions of eo and /o- 

Let us prove the commutativity of O(z) with e^. The case of fo is similarly proved. The 
intertwining properties of 0(z|u) implies 

< t/|0(z|u)|eou >= (e <S> 1) < v'\0(z\u)\v > +(t <g> 1) < t/e |O(z|u)|t> > 

+ (t (8) eo) < t/t o |0(z|u)|t> > 

for any v G V(Aj), ?/ G V(A i+ i). It is sufficient to prove, modulo J2 Nj (g> (Vi) zi (g> • • • (Vi) Zn+1 + 
(Vi)^ ® • • ■ (Vi) Un+1 <8>Y,Nj, that 

Pr{u)Pr{z){e <g> 1) < t/|0(z|u)|t; >= (e ® l)Pr(u)Pr(z) < i/|0(z|u)|v >, (21) 
Pr(u)Pr(z)(t ® 1) < i/eo|0(z|u)|v >= (t ® l)Pr(u)Pr(z) < v'eo|0(z|u)|v >, (22) 
Pr{u)Pr{z)(t Q ® e ) < ?/t |O(z|u)|t> >= (to ® e )Pr(u)Pr(z) < v't \O(z\u)\v >, (23) 

at Zj = q~ 2 ^>~ l >z(l < j < n + 1), = <7~ 2 ^' -1 ) +1 z(l < j < n). It is easily proved, using 
proposition |] (2), that the left hand sides of equations |2l| - |23l are regular at Zj = q 2 Zk(j < k), 
Uj = q 2 Uk{j < k). Hence we can specialize variables as above. 

Since t acts on (V\) Ul ® • - • ® {Vi) Un as tf 1 and Pr{u) is Pg((s/2)i) linear, holds. Let 
us prove the equation [21|. According as the decompositions (Vi) Ul ® • • • ® (Vi)^ — © 2 Ay, 
(Vl)« ® • • • ® (Vi)^ ^ K+i ffi EAj as £^((sZ 2 )i) modules, we write 

< v'\0(z\u)\v >= (A + A') <g> (B + P')> 

AgK, A'g^A,-, BgU B'eJ2N r 

Then 

Pr(u)Pr(z)(e <g> 1) < i/|0(z|u)|u > -(e <E> l)Pr(«)Pr(z) < u'|0(z|u)|u > 
= (Pr(u)e A - e A) <g> P + Pr(u)e A' <g> B. 

Since Pr(ii) eo^4 — e$A = mod X) Nj, it is sufficient to prove 

Pr(u)e A' <g> P = at ^ = g- 2 ^'- 1 ^(l < j < n + 1), u,- = <T 2( ^ 1)+1 ^(1 < j < n). (24) 
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Lemma 8 Pr(u)eoA' Cg> B is regular at Zj = q 2 Zk{j < k), Uj = q 2 u k (j < k). 

Proof: Since Pr(u)(e <8> 1) < f'|0(z|u)|v > is regular at Uj = q 2 u k (j < k) as we already 
mentioned, Pr{u){eQ®l){A J r A')®B is regular at the same place. On the other hand (A+A')<S>B 
is regular at Zj = q 2 z k (j < k) and A <8> B is regular at Zj = q 2 z k {j < k), Uj = q 2 u k (j < k), by 
proposition § (2). Hence Pr(u)eoA' ® B is regular at Zj = q 2 z k {j < k), Uj = q 2 u k {j < k). □ 
Now let us decompose < i/|0(z|u)|i; > in the following manner: 

< v'\0(z\u)\v >= J2 ° j(Z j U) + 0(z\u), (25) 

Ojizlu) = Res Uj=q * Uj+1 (< v'\0(z\u)\v > - £ Qfc(z|u) ) for j > 2, 
3 3 ^ u k - q 2 u k +i 

Oi(z|u) = Res Ul=g 2 U2 < v'\0(z\u)\v > . 

Then 

Lemma 9 (1) Oj(z\u) G E N k ® {Vx) Zl (K)* n+1 , 

(2) 0(z|u) is regular at Uj = q 2( - h ~^u k (j < k), 

(3) Oj(z|u) is regular at u r = qz r (l < r < n), 

(4) Oi(z|u)| Ur=gZr (i< 7 .< n ) = 0. 

Proof: (1): This follows from 

(3) : This is obvious from proposition || (2). 

(4) : It follows from 



r\ui=q 2 ui +1 y ll ( q 2 Zk , ll ll 11 (quj\ n n /-i m+i \ 

and H that Res Ul=g 2 Ul+1 < v'\0(z\u)\v > has E[fc=i (1 — ^j^) as a factor of its zero divisor. Taking 
further residues does not produce poles at ui + \ = qz k (l < k < n) by proposition |5| (2). Hence 

Oj(. z \ u )\u r =qz r (l<r<n) = 0. 

(2): Let us prove, for 2 < j < n, that 

j- 1 O r (z\u) 

< v'\0(z\u)\v > — — is regular at ui = q 2 ^ s ~ l ^u s (l < s, 1 < I < j — 1) 

^ u r - q 2 u r+1 

by the induction on j. The j = 2 case is obvious from proposition [| (2). 
Suppose that the statement is true for 1 < j < k. We have 

< v'\0(z\u)\v > - £ ° r(Z j U) = 0«(z|u) - O k (z\u), 
0«(z|u) =< t/|0(z|u)|t; > - £ °' (Z|U) 



O fc (z|u) = Res Uk=q 2 Uk+l O {1 \z\u 
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By the induction hypothesis 0^(z|u) is regular at ui = q 2<yS ^ l ^u s (l < s, 1 < I < k — 1). Hence 
Ofc(z|u) and consequently 0^(z|u) — Ofe(z|u) are regular at U[ = q 2( - s ~ l ^u s (l < s, 1 < I < k — 1). 
The definition of a residue and proposition^ (2) imply that 0^(z|u) — Ofc(z|u) is regular at 
Uk = q 2<yS ~ k ^u s (k < s). Hence the statement is proved for j — k + 1. □ 

Using the decomposition ^ we have 

n— 1 i 

Pr(u)e A' ®B= V Pr(u)Pr(z)(e ® l)0 f (z|u) 

j: "i ~ '/"/•< 

+Pr(u)Pr(z)(e <g> 1)(1 - Pr(u))0(z|u). 



Note that, in {V x ) Ul ® {Vi) 



U.2 



I 2 \ (1) -o, (1) 

Since 0(z|u) has no poles at Uj = q 2 ( s ~^u s (j < s) we can conclude that 

Pr(u)Pr(z)(e ® 1)(1 - Pr(u))d(z\u)\ Uj=g - 2U - 1)+lz = 0. 
Since each Oj(z|u) has a zero divisor of the form Ilj=i(l — ^f") 

n— 1 ^ 

I] a Pr(u)Pr(z)(e l)O i (z|u)|^ =w( i< i < n) = 0. 

j=i u j - Q u j+i 

Taking into account that Pr(u)eoA' ® B has no pole at all we can conclude that 
Pr(u)e A' <g> -B| 2j=g -2( J -i) 2 ( 1 < i < ri+1 ) iUj= g-2o-i) 2(1 < i < n ) = 0. 



Hence 21 is proved. The equation E3 is similarly proved. □ 



Corollary 3 

= (_l)[f](- g )-T|(2- 2 -9n+10)-|(l-(-ir) 2 ^ O ( g ^) Qn V(A 1 ). 



7 Commutation relations of vertex operators 

Using the fusion construction we can determine the commutation relations of vertex operators 
in section ^ and || Here we give only commutation relations which is used for the application 
to the vertex models. 
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Theorem 5 (1) 



v "$ v ^ (z) v $ Vn+1 (z) = aid, 



c . _ ^_ 1 ^f]n+in(n-l)(n+4)^-in(n 2 -7)+m(n-2) 



(g 2 " +2 )^(g 2 ;g 2 )..' 

w/iere (z;p)„ = H?=o{l ~ zp 1 )- 

(2) 

(-l) n q~^^^ l+1 \-) l -^R n+11 (-)0(q n z)^(w) = ^(w)0(q n z), 

w ' w 

_l - (g n+2 2)oo(? n+4 -2 _1 )oc 

i2n+i,i(2) = 2 2 r n+1 (z)i? n+lil (z), r n+1 (z) 



( g ™+2 2 ~l) 00 (g«+4 z)oo 
Proposition 6 

where w n is the highest weight vector with weight zero inV n ®V n which is explicitly described 
in 



It and 17. 



We shall first prove Proposition ^] and after that deduce (1) of Theorem [|. Let us set 

S*" ■ • • $ y >; +1 )<&(2 n+ i)*(rX)^* a_1 (fV) ■ • ■ *(g-M)* v "" (g" V 

Using the commutation relations of the vertex operators $(#) and ^f(z), we have 

- ( l) "'"" 1 ' > +i g n+i J| i^Ly + i- k TJ (^y+j-fc-i f M J \j+j-k-i 



f f j <k z' k . <k u k jk q 2 z k 

fl(A-) ■ ■ • £( A.) • ■ ■ R(^)R(^) ■ ■ ■ R(t£) ■ ■ ■ R(^)6(z>, z|u', u) 
q 2 u n q 2 u 2 q 2 u n z' n+x z' 2 z' n+l 

= 0(g-V|g-V)0(z|u), (26) 
a 2 z- u'. M^) 

j<k Z k j<k 1 U k j, k M^) 



where /' = /(z'|u'), q z' = (q z[,---,q z' n+l ) etc. and i + j — k etc. means that the number 
i + j — k should be considered modulo two, inparticular i + j — k — or 1. Note that 

n+1 z- 

i=2 z i 



* = ? ( + } n -t, ,2., , n 



2<i<*<n + l (^)oo(^)oo(i-)oo(^)oo ,=2 (^)co(^)oo(^)oo(^)oc 
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Specializing the variables to Uj = q 3 Zj + i,u'j = q 3 Z j +1 {l < j < n) in both hand sides of the 
equation ^6], after that setting Zj = z'j(l < j < n + 1) and using [7| 



l im (i _ ^{z'^ v ( Zj ) = -gw®id v[Ai} 

we have 



Z 3 



where 



U , ~ ~ n+ln+1 

( 1) 2 +i g n+i g n Yl (liy + i- k Yl ^fiy+j-k-i j-j j"| y+j-k 

f 2 l<j<k<n+l Zk 2<j<k<n+l Zk j=2 k=l Zk 

II T-^-Rn(z)w^ ® R n+l { Z )^ a { Zl )<^{ Zl ) ■ ■ ■ ® V * a (z n+1 )$(z n+1 ) 
2<j<k<n+l q 2 z k 

0{q~ 2 z\qz n+1 , • • • , qz 2 )0{z\q 3 z n+1 , • • • , q 3 z 2 ), (27) 



R n ( z ) = R(-^) . . . R(^) . . . R( ' 



q 2 z n+1 q 2 z 3 q 2 z n+ i 

R n+1 {z) = R{&L) ■ ■ ■ R{£*) ■ ■ ■ R(£*L), 

Zn+l z 2 z n+l 



(&i)3 (l _ Sk) n+l (3^i)2 

s-^v* n u ±:L ' J n— ^ 



2<j<k<n+l { — )oo{ — Joo j=2 I — Jool — 



4 

' 1 Z 3 ' 



f = 9- n 

2<j<fc<n+l 



2fc 

.(1) «,.,(!) 



and w = f q ® f I — g^i ® . 
Lemma 10 Let Pr n 6e the U'{{sl 2 )i) linear projection V® n ® V® n — > V n ®V n . Then we have 



Pr n R n {z)w® n = q^ ' 



-w n . 



1 fi 

2<j<fc<n+l z fc 

Proof: Since Pr n R n {z)w® n belongs to the trivial representation of V n (&V n , we have Pr n R n {z)w® n 
cw n for some scalar function c. The function c is the coefficient of v q <8> f^ 1 -* in the right hand 
side. Let us calculate the coefficient of R n {z)w® n . It is easy to see that this 

coefficient is the same as that of v^® n ® v±~ n in R n {z){v^ ® t>^)® n . The latter coefficient is 
easily calculated and coinsides with the function in the statement of the lemma. □ 



Let (P^)^ 1 ) be the U' q {sl 2 ) linear map (Vi)£ ® (V^ <g> ••• <g> (Vi)!^ ® — " 
F defined by (P»®( n+1 )( <8> i=1 „+i (v^* ® = nfJl 1 and P£ +1 the dual pairing map 

(K+i)*% ® (K+Oa-nz — > ^- 
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Lemma 11 There is an equation 

cPZ +1 Pr n+1 R n+1 (z) = (Pj.)®< n+1 \ 

_ n ( n+i) (q 2 ;q 2 ) n+1 
C ~ q 2 (1 - g 2 )^ 1 

at Zj = q- 2i - j -^z(l <j<n + l). 

Note that the R-matrix R(&i)(j < k) is regular at ^ = q 2 ^-^ and Ri^)' 1 = #(-§M which 

Zfc Zfc Zfc Q Zj 

is also regular at j- — q 2 ( k ~i\ Hence there exists the inverse of R n+ i(z) which is regular at 
Zj = g - 2 (i- 1 )(l < j < n + 1). Let us set cp(z) = (FjO® (n+1) #n|i( z ), 

(pl\®(n+l) 

(V,)™ ® ® • • ■ ® ® (V,)^ ^ F 

|i?n+l(z) |id 

® • • • (^o:: +1 ® (vi) 21 ® • • • ® (vi),„ +1 ^ f. 

Then 

sublemma 1 

^(Z)^- ® y z ® • • • ® F ? -2n 2 ) = <^(z)(^* a ® • • • ® V£?an e ® iv^-) = 

/or a/Z 1 < j < n + 1. 

Proof: Since <p(z) is U'Aslz) linear map we have 

^(z)^* ® • • • ® vf>, ® 4? ® • • • ® 

= p< v iZ ® • • • ® ® • • • ® 41, ) >, (28) 

for some scalar function (3. Here is the specialization of the variables to Zj = q~ 2 ^~ x ' z{l < 

j < n+1) of the U' q (sl 2 ) intertwiner (V 1 ) Zl ® • ■ ■ ® (Vi) Zn+1 — ► (Vl)z„ + i ® • • -® (Vi) Zl normalized 

as ^ n+ i(z)(t>o 1 ' )lX)n ) = VQ~^® n . In fact, for generic values of z'aS for which (Vi)*" ® • ■ ■ ® (Vi)*" +1 ® 
Oik ® • • • ® {Vi) Zn+1 is irreducible, the U' q (sl 2 ) linear map (y x )^ ® • ■ • ® (Vi)*^ ® (Vi) 2l ® 

• • ■ ® (Vi) 2n+1 — > F is unique up to scalar factor and given by R n+ x(z) as in the right hand side 

of ||. Since = ^(z)(4 1>0(n+1) ® ^ 1)0(n+1) ) and R n+1 (z) is regular at Zj = q 2 ^ <z k {j < k), 
P is also regular at Zj = q 2<yk ~^z^j < k). Hence [28] holds at Zj = q~ 2 ^~^ z(l < j < n + 1). By 

Proposition | we have R n+ i(z)(N j ) = and hence ^{z)(V* a ® • • • ® V™ 2nz ® iV,) = 0. 

Let us prove the remaining equation. Note that the base of the trivial representation in 
V* a ® V*% u is given by v[^* ® ■Uq 1 ' 1 * — qv^* ® -u^*. Taking into account the fact that, in the 
left part of the right hand side of the equality |28], the order of the tensor product is reversed, 
we set w* = v^* ® Vi — qv[^* ® Vq. Then, by calculations, we have 

< w\ fiiyfi ® vjp) >= for < k < 2. 
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Since, by Proposition [3|, ImR n+ i(z) ~ (V n +x) q -n z which is generated by ^ 1 ' l8 '" +1 ' over f/g((s/ 2 )i), 
we have 

<p{z){Nj ® V* <g) • • • ® K,-2n z ) = 0. 

□ 

Let us continue the proof of lemma. By the sublemma the map y?(z) induces the U' q (sl2) 
linear map 

{v n+1 y q a nz ® (K+i),-, — > i 71 

which we denote the same symbol. Hence (p(z) is a scalar multiple of the canonical pairing map 
P£+\ <p(z) = cP^\ 

Let us determine the scalar c. Note that c = (p(z)((v^)®( n+1) ® (v? 5 )®^ 15 )- It is easily 
proved that 

Recall that 

KUz) = r{^)---r{^-)-.-r{^) 

q 2 z n q 2 z 1 q z zi 

with Zj = q- 2{j ~ l) z(l <j<n + l). 

It follows from those description we have 

c=? 2 n 1 _y = g 2 

i<j<fc<n+i «j 

□ 



1 - g-2)n+l 



Proof of Proposition Taking (1 (g) Pp +1 )(Pr n ® Pr n+ i) in both hand sides of the equation 
|2T| and using Lemma [H], Lemma [11], equation |6|, we have the equality in the statement of 
Proposition ||. □ 



Now (1) of Theorem |5] is derived from Proposition |6| in the following manner. Let us 
introduce the U q (sl2) intertwiners 

v »$ v &(z) : V(Ai) — (V n ) z <g> V(A i+1 ) (g) (V n+1 )* z a , 

by 

< ^ n+1) /"$ y «+i(z) U >= y "$v„ +1 (^)( M ®^ n+1) ), 



27 



Then 



v «$y£x(z) = (-l) n+1 - i g-^ n+1 ^ 1 - < )[n + l] iVB $ v ^ 1 (g- a z), 



V* a + = + 

Those equations implies that the equation 

Vn ®v n+1 (z)v n $ Vn+1 (z) = 7id(v„),®v(A0 

is equivalent to 

n 

PP+ lv ™$ y "+ 1 (g- 2 z) v "$ v "+ 1 (^) = (-l) n+ Y (n+1) [™ + l] i_1 7X) u i n) * ® w i n) ® id ^(Ai)" 

3=0 

Rewriting these equations in terms of O(z), we have 

Pp +1 0(q n ~ 2 z)0(q n z) = ^(_i)[f] n +™+ i +| ri ( ri - 1 )(™+ 4 )g| n ( n - 1 )(™+ 4 )+ i (-™ 2 + 2 ™+ 1 ) 

z" 2 ^ [n + £ ® vf ] ) ® id v(A<) . 

3=0 

Theorem (1) follows from this equation and Proposition |]. □ 



Proof of Theorem [5] (2): Using the commutaion relations of $(z) and ^(z) we have 



,, n+l „ n+1 n /j .(qui\ . 



$(w)0(z|u). 



f2(-)---i2(— )0(z|u)$(w) 



(29) 



Similarly to the Proposition [|, we can prove that (Pr(z) ® Pr(«))0(z|u)$(w) and (Pr(z) 



Pr(u))<&(w)0(z\u) give well-difined f/^(sZ2)-intertwinwers at = g 2j+2 ,2, Uj 
Hence, by Theorem [|, we have 



(Pr(z) ® Pr(u))\k(—) ■ ■ ■ R(^)0(z\u)$(w) 
1 w w 



Zj=q~ 2 i+ 2 z,Uj=q~ 2 i+ 3 z 



c(z,w)R n+1) 



,q Zs 
' w ' 



(Pr(z) <g> Pr(u))0(z\u)$(w) 



Zj =q 



-2j+2 



z,Uj=q 



(30) 
(31) 



for some scalar function c(z,w). Comparing the coefficient of Vq ® Vq we conclude that 
c(z, w) = 1. Taking Pr(z) ® Pr(u) of the both hand sides of the equation |29] and substituting 

g~ 2j+3 2:(i < j < n), we obtain the desired equation. □ 



^ = g- 2 (J- 1 )z(l < j < n + 1), % 
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8 Inhomogeneous vertex model of 6-vertex type 



In this section we denote (V s )i by V s for the sake of simplicity and assume — 1 < q < 0. Let 
us consider the two dimensional regular square infinite lattice. Fix the positive integer N and 
non- negative integers si, • • • , Sjv and vertical lines ii, • • • , Zjv- Then the vertex model which we 
study here is defined in the following way. We associate the representation V\ of U (si?) with 
each edge on horizontal lines and on vertical lines except h, - ■ ■ ,In- With each edge on the 
line lj we associate the vector space V s .. For each vertex the Boltzmann weight is given by the 
corresponding R-matrix, i?n(l), -R s -i(l). We can assume that the lines h, - ■ ■ ,In are successive 
by including 1 in the set of Sj. Let us first give the mathematical objects and after that explain 
the validity of them. We use the following vertex operators in this section. 



Definition 7 The intertwiners 

nQn+1 



n+1, 



,0 



n O n+1 {z) 



v(k) — > (k: 

(v n ) z ® v{K) 
V(K) ® (v n+1 ) 



® V{A i+1 ) <g> (V n+1 ) z , 
► V(A i+1 ) <g> (V n+1 ) z , 
-> V(A i+1 ), 



are defined by 



n O n+ \z) = 0(q n z), n O n+ \z){vJ l> ® ■) =< wf 7 . "()' 
l O n+1 (^)(- ® vf +1) ) =< v\ n+l \ n O n+ \q- 2 z) >, 



An) 



,(n) n n n+l 



where the pairing is defined by the isomorphism (V n ) q 2 z ~ (V n )* z a 1 , (V n+ i) q -2 2 
Theorem ||] (2) and Proposition || imply the commutation relations 



n+l, 



.i)V [ad ^ ] 



n+1. 



,0 



n+1. 



z 



(32) 



l O n+1 (z) n O n+ \z) = (-l) n+i q 



n(n + l) 



+i 



(q 2 )oo(q 4 



-id 



(y n ) z ®v(Ai)- 



(q 2n+2 )Ul 2 ■■ Q 2 )n 

on V(Aj). The representation theoretical formulation for the model is given by 
(Space) The space acted by the transfer matrix is 



n 



fir— si,ij 



=0,1^ 



S N - 



V Sl -i ® V(Ai) ® V(Ai)* a 



(Transfer matrix) The transfer matrix is given by 

T(z) = id® T xxz (z), 

where T XX z(z) is the transfer matrix of the 6-vertex model actiong on ©ij=o,iV"(Aj) <8> 
V(k j )* a . Explicitly T xxz (z) = g$*(z)$(z) and = <$(g 2 z) : (Vi) 2 ®V(A;)* a — ► 

F(A m )* a , where <? = gl^. 
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(Ground state) The space of vacuum vectors V vac is 

V vac = ®ij=o,iV aN -i ® • • • <S> Ki-i <8> F\vac >xxz,i, 
where \vac >xxz,i is the vacuum vector of the XXZ-model in V(Aj) ® l / (Aj)* a . 
(Excited states) The creation and annihilation operators are given by 

<f*(z) = 1 <g> y?* xxz (^), <Pj( z ) = 1 ® ^z(z), 
where ^j t xxz( z )^ ^Pj,xxz{z) are the creation and annihilation operators of the XXZ model, 

<P*,xxz(z) =< 4\ ^ (z) >, Vh xxz{z) =< vf\ *(z) > . 

(Local operators) For L e End(V SN <S> • • • <S>V S1 ) the corresponding local operator £ is defined 
by 

C = $ s ^-> s i(l, . . . , l)" 1 ^ ® L)$ SAr '-' sl (l, •••,!), 
^"• •"( --.v. • • • , Zl ) = Sn ^O Sn (z n ) ■ ■■ ai - 1 O n {z 1 ), 

'-'(-.v. , • • • , ^i)" 1 = Ciy^OsM) ■ ■ ■ ^OsJzn) on H SN ... Sl , ij: 



} q WmqToo 



(Correlation functions) The expectation values of the local operator C is given by 

<c> = tT Vs N ~i»-»Vs 1 -i»v(A t )(( 1 g g~ 2p )£) 

si - ■ ■ s N tr v(A ^(q- 2 P) 
where p = A + Ai and 1 is the identity operator acting on V^-i <S> • • • <S> V Sl -±. 

Let us explain why we have given the mathematical setting as above. The less obvious 
definition is that of the transfer matrix. If it is permitted then others are rather natural 
compared with the case of the XXZ model. So we shall explain the reason of our definition of 
the transfer matrix. The natural definition of the transfer matrix T(z) should be 

T(z) : V(Ai) ®V SN ®---®V S1 ® V(A 3 )* a — > V(A t+l ) ® V SN <g> • • • <g> V S1 <g> V(A j+1 )* a 
T(z) = <S>*(z)R lySN (z)---R lySl (z)<S>(z). 

The space V(Ai)®V Stf ®- • -®V Sl ®V (Aj)* a is identified with H SN ... suij by the map ^".-^(l, • • • , 1) 
and its inverse. Let us calculate the map T(z) for which 

n SN ... suij ^'"^i 1 '-- 1 ) V (A 4 ) ® V SN ® ■ ■ ■ ® V S1 ® \/(A,)* a 
I f{z) I T(z) 

n SN ... sui+lj+1 ^'-^i 1 '-^ V (A l+1 )®v SN ®---®v sl ®v(A 3+1 y a 
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is a commutative diagram. Using the commutation relations |32| we have 



f(z) = $ SN '-' Sl (l,---,l)- 1 T(z)$ SN '-' sl (l, ■■■,!) 



■ ■ ■ , l)- 1 $*(z)^(^) • ••R 1>8l (z)$(z)$'»'->' 1 



A^ N {z){l®T xxz {z)), 



where 



Hence, up to a scalar factor, the transfer matrix coinsides with 1 ® T xxz {z). If we normalize 
the eigenvalue of the vacuum vectors is equal to one, then the transfer matrix is given by 
l®T xxz (z). 

9 Discussion 

In this paper we introduce new kinds of q-vertex operators and using them propose the math- 
ematical model of the inhomogeneous vertex models of the 6-vertex type. One of our vertex 
operators v„& Vn+1 i z ) already appeared in Miki's paper |18| in the simplest non-trivial form n = 1 
in a different context. 

It follows from our mathematical setting of the models that the excitation energies over 
the ground states are the same as that of the 6-vertex model. In our approach the impu- 
rity contributions to the several physical quantities may be calculated through the correlation 
functions. 

As in the case of the other solvable lattice models 0, [K| the trace of the compositions of 
the new vertex operators satisfy certain q-difference equations. Except the case of the form 
try(A 4 )(g _2p $(zi) • • ■ ^(zk)v a -!^ Vs ( z )) , those equations are different from the q-KZ equation with 
mixed spins. Hence the situation is rather unexpected from the point of view by the rough 
pictorial argument s|T0|, £§]. 

The new vertex operators can be considered as non-local operators actiong on the physical 



space of the XXZ- model. This fact may open the door to study the fusion model [19], |17j of the 
6vertex model using the vertex operators defined here. 

Obviously we can introduce the inhomogeneities in the spectral parameter (or the rapidities). 
This corresponds to consider the space (V SN -i) ZN (g) • • • <g> (Ki-i)zi ® V(Ai) <8> V(Aj)* a etc. 



Acknowledgement 

I am grateful to N. Reshetikhin for stimulating discussions. 



31 



A Appendixl 



In this section we give the integral formula for the matrix element < Aj + i|0(z|u)|Aj >. 
< A i+ i|0(z|u)|A i > 

= - f < A m |$ ei (zi)---$ en+1 (z n )* /ln K)---* Ml (wi)|A i > 



./ 



n+l n+l n+l 



= (-l)-(g-g^)- + -(-g)-^ + ^)[^] II II II ("AO^ 

J: odd i ; even , i 

n 

n n^r 1 n n ik-w-* n m-^ n m-wr* 

fc:even a b j<b a j< a c j>c d j>d 

dWg yr t 

a z/u d "'^d z/u a a <6 a <a' d d>c d>d' 



n 1 H n / i n «..— - n «-.- n «. n n & 



iLnji'a-jiyrLiir^a-s 



ri a rij<a(i — ^7-) ria rij>a(i - i^f) rid rifc<d(i - f^) rid n*;>d(i ~~ ~$t^) 



ria<a'(i - ^X 1 - rid<d'( 1 - t fX 1 ~ 

UaA 1 ~ SfX 1 ~~ 



(33) 



Here r 1 ,r 2 , s±, s 2 , a, 6, c, d is defined as follows. 

{a} = {j\e 3 =0}, {b} = {j\e J = l}, {c} = {j\ N = 0}, {d} = = 1}, 
ri = |t{a}, r 2 = (}{&}, si = (}{c}, s 2 = (}{<£}. 

u> a and £^ are the integral variables. The integral contour C a and are taken in the following 
manner. 



C a 

c d 



Q 4z j(j > a) an d g ±1 ^d(all d) are inside, 
(f z j{j < a ) are outside. 
■u fc (A; < d) are inside, 

q 2 Uk{k > d) and g ±1 ^ a (all a) are outside. 



The special components are given by 
<Ax|0(z| u)i...i,o-o |A >= 



n+l n 

i- q )-^ n hm* n(-^) v n (-««*)* ik-?^, ( 34 ) 

j:even j=l k:even k=l 

< Ao|0(z|u)o... 0l i...i|Ai >= 

, . n+l n 

(- q )-W +nJ ^ II IK-9 3 ^)" 4 II ("9"*)* IK-**) 1 "*- (35) 

j-.odd j=l k:odd k=l 
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B Appendix2 



We give the description of the level one vertex operators $>(z) and on the free field 

realization of the represenattions||. 

oo oo 

$1(2:) = exp^ (y-— g 2 £ n )exp^ ( - — - q * z n )e* {-q 6 'z) * , 

n=l \ ln \ n=l l ZU \ 

%(z,w) = (g-g" 1 )^" 1 exp £ (^g**» - ^gW) 

(2 r , 5n (2^ n . a a , da +i 



( - j— -rrq 2 z n + —q2w )e ° a {-q A z 



n=l 



[2nr ^ [n 



■2 



00 00 
*o(«) = exp £ ( - £^*u») exp £ (^-f u -) e -f (-g^^-g)-^, 

n=l l Zn \ n=l l An \ 



00 ^1 n 

3n Cfcr 



2 « 2 £ )e 2 r Q (-g^) 2 (-g) + \ 



n 

dw 



JCi 2m 



J Co. ^7C1 



ic 2 

where the contour G\ and C 2 are specified by 

C\ : q^z is inside and q 2 z is outside, 
C 2 : u is inside and g 2 u is outside. 



C Appendix3 

Here we give the OPE of the level one vertex operators. Notations are the same as that in 
except that the normal orderings are carried out for e na and d a . 

^ 1 (z l )^ l (z 2 ) = 7(— ){-Q 3 Zi)^ : $i(^i)$i(^ 2 ) 

Z2 

^ 1 (z 1 )%(z 2 ,w) = 7(~ ) ^ q Zl l 2 : $i(*i)$i(*2,«0 : > 

^2 J- ~~9 

$o(^)$i(^) = 7(~) W ^"^^ = *o(*i,«0*iteO :, 

$o(*i, Wi)$o(* 2 , w 2 ) = 7 (^)w 1 (-g 3 z 1 )-2 _ ^ _ : %(z 1 ,w 1 )%(z 2 ,w 2 ) :, 

v g 2 zi ' \ uii / 
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*o(wi)*o(«2) = P(— : *o(«i)*o(«2) 

1*2 1 r— 

*!(«!, 0*o(«2) = /3(~) rl 1 ( T 2 l) " = *i(«i,0*o(«2) 



u 2 1 - £ 



1*1 1 (1 - f)(l - 

M 2 (i-^r)! 1 -^) 

$i(z)fo(«) = a(-)(-g 3 2)~* : ^(^(i*) :, 

XL 

ii q°z 
<Z> (z,w)V (u) = a(-)w(-q 3 zy^(l - — ) : %(z, w)V Q (u) :, 

v it) / v grt; / 

W l 

#o(u)$i(*) = w(-)(-gu) _ 3 : tt («)$i(*) 

z 

U i VJ 

V Q (u)$o(z,w) = u(-)(-qu)*(l ) : V (u)$ (z,w) :, 

z qu 

tti(u,0*i(*) = w(-)e(-9u)-i(l - ^) = =, 

Cl _ af^Vi — — ) 



Here 
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